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INTRODUCTION 

One  of  the  important  developments  in  high  precision  frequency  control  is 
the  temperature-compensated  crystal  oscillator  (TCXO).l~25  This  device  in- 
corporates a temperature  sensor  and  associated  circuitry  to  derive  a correc- 
tion signal  that  is  used  to  stabilize  the  oscillator.  The  most  frequently 
used  method  for  producing  the  correction  consists  of  adjustment  of  a varactor 
in  series  with  the  crystal  resonator  controlling  the  oscillator.  In  the 
design  of  the  compensation  network,  it  is  necessary  to  know  the  frequency- 
temperature  (f-T)  characteristic  of  the  crystal  to  be  compensated,  but  this 
alone  is  not  sufficient.  It  is  found  experimentally  that  the  effective  f-T 
curve  is  altered  upon  Insertion  in  the  uncompensated  oscillator. 

This  report  explains  the  reason  for  this  behavior,  gives  simple  formulas 
tor  calculating  the  size  of  the  effect,  and  provides  design  aids  in  the  form 
of  curves,  with  an  example  drawn  from  current  practice. 

FREtlUENCY  EQUATIONS 

Virtually  all  current  TCXO  applications  employ  thickness  mode  quartz 
vibrators.  For  this  class  of  vibrator,  excited  by  an  electric  field  in  the 
thickness  direction,  the  input  admittance,  assuming  no  loss  and  a single 
driven  mode,  is26 


Y = jo)Co/(l  - k2  tan  X/X)  . 


In  (1), 


(1) 


Co  = eA/2h,  (2) 

where  is  the  vibrator  static  capacitance,  z is  the  effective  permittivi tv , 
A is  the  electrode  area,  and  2h  is  the  thickness.  The  quantity  k is  the 
piezoelectric  coupling  factor,  while  X is  defined  as 

X = (TT/2)(f/f<l>),  (3) 

with  f the  frequency  variable  ( = w/2it),  and  ft^)  the  antiresonance  frequency 
at  the  fundamental  harmonic  (M  = 1),  in  the  ab^^nce  of  mass-loading. 

Antiresonance 


Tile  antiresonance  frequencies  are  sometimes  referred  to  as  tlie  mechanical 
resonances,  these  being  the  frequencies  for  which  an  open-circuited  refonator 
is  one-half  times  an  integer  wavelength  in  thickness.  If  the  crystal  vibra- 
tor plate  is  of  density  p,  and  the  mode  under  consideration  has  elastic 
constant  c (piezoelectrically  stiffened),  then  the  acoustic  velc.city  is 

v = (c/p)  •',  (4) 

and  the  antiresonance  frequencies  are 

f^M)  = M (c/o)'VAh 
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The  harmonics  of  (5)  are  integrally-related  in  the  absence  of  mass-loading 
(negligible  electrode  coatings);  each  harmonic  corresponds  to  a pole  of  the 
tangent  function  in  (1) . 


Resonance 

Setting  the  denominator  of  (1)  equal  to  zero  yields  the  normalized 
resonance  frequencies  as  roots  of  the  equation 

tan  X = X/k^.  (6) 

The  roots  of  (6),  denoted  ^ are  not  harmonically  related;  the  resonance 

frequencies  are  obtained  from  the  X^^)  by  means  of  (3) : 

X^M)  = (Tr/2)(f^M)/f(l)).  (7) 

Figure  1 displays  graphical  solutions  to  (6),  from  which  is  seen  how  the 
resonance-antiresonance  frequency  difference  jf^o^  - 1 decreases  with 

increasing  M,  and  also  how  the  difference,  at  any  M,  is  affected  by  changes 
in  the  piezoelectric  coupling  factor  k. 

A plot  of  versus  k for  M = 1,  3,  and  5 is  given  in  Figure  2.^^  An 

alternative  representation,  and  one  that  is  better  suited  from  the  standpoint 
of  graphical  accuracy,  is  that  of  frequency  displacement^® » 29 , 30 

= M - (2X<M)/tt)  = M - (g) 

Frequency  displacement  appears  in  a natural  manner  when  the  topic  of  approxi- 
mations is  taken  up  in  a later  section.  It  is  clear  that  the  antiresonance 
displacement  in  the  absence  of  mass-loading,  » vanishes  identically  by 

virtue  of  (3),  (5),  and  (8),  written  with  the  appropriate  subscripts. 

Figure  3 shows  the  variation  of  6^^)  vith  k ana  M,  obtained  from  (6)  and  (8). 

Load 


Insertion  of  a load  capacitor  in  series  with  the  vibrator  modifies 
(1),  but  the  entire  effect  may  be  subsumed  into  changes  in  the  values  of 
Cg  and  k2.  Denoting  the  effective  values  of  Cg  and  k^  in  the  presence  of  Cl 
as  CgL  and  k^,  respectively,  and  defining  the  quantity  a as®^ 


a = 

(9) 

the  effective  values  become 

i-oL  ~ 

Co  (1  - a). 

(10) 

k2  = 

k2  (1  - a) . 

(11) 

Using  k2  in  (6)  yields  the  load  frequencies  X^^\  in  place  of 

the  corresponding  resonance  quantities.  In  the  limit  a ->•  1 (C^  -*■  o)  , the 
load  frequencies  approach  the  antiresonance  frequencies,  while  the  limit 
a o (Cl  “)  reduces  the  frequencies  to  the  resonances. 


1 
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The  inclusion  of  loss  is  easily  dealt  with;  if  the  loss  is  considered  to 
arise  from  a material  viscosity  n,  then  substitution  of ^2 

X = X(1  - jo)n/2c)  (12) 

for  X in  the  foregoing  describes  the  loss  accurately.  Table  1 gives  a list 
of  pertinent  material  constants  for  two  selected  cuts  of  quartz.  The  AT-cut 
is  at  present  the  most  popular  quartz  cut  for  thickness  mode  plates.  The 
newly-introduced  SC-cut  is  a doubly  rotated  cut32-35  that  Is  expected  to  play 
an  increasing  role  in  TCXO  applications,  particularly  for  fast-warmup  opera- 
tion, because  of  its  superior  cancellation  of  certain  nonlinear  elastic 
effects . 

TABLE  1.  PHYSICAL  AND  ELECTRICAL  PARAMETERS  ASSOCIATED  WITH  AT-  AND  SC-CUT 
QUARTZ  RESONATORS:  NUMERICAL  VALUES. 


AT- 

cut 

SC- 

cut 

Orientation 

(YXtj£)<l>/0 

Quantity 

Unit 

^>  = 0° 

0 = 

+35.25° 

$ = 

21.93° 

9 = 

+33.93° 

P 

lO"''-^  kg/m^ 

2.649 

2, 

649 

e 

pF/m 

39.82 

39. 

78 

e 

10-2  c/m 

9.49 

5. 

82 

c 

10+9  Pa 

29.24 

34. 

23 

n 

10-'^  Pa  • s 

3.46 

4. 

02 

N 

MHz  - mm 

1.661 

1. 

797 

3N/30 

kHz  - mm/°0 

2.09 

1. 

03 

3n/  31' 

kHz  - 

0 

12.0 

jk| 

% 

8.80 

4. 

99 

3|k|/30 

lO-9/°0 

-2.97 

1. 

75 

3|k|/3<J> 

lO-^/’^ 

0 

-2. 

78 

fs 

11.8 

11. 

7 

r 

— 

159.4 

495. 

8 

3r/  30 

lO+2/‘’0 

0.11 

-0. 

35 

3r/3$ 

10+2/0$ 

0 

0. 

55 

r 

1 

fF/m 

249.8 

80. 

3 

p 

10“9  f2/m 

1*1.2 

146. 

1 

4' 

— 

0.60  — 

0.90 

0.60  — 

0.90 
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HASS-  [,OAUIN(;  KREQUENCY  EFFECTS 

la  normal  practice  the  electrode  coatings  depress  the  frequency  spectriin: 
iu)ii-neg  It  gibiy . For  coatings  of  mass  in  per  unit  area  lumped  on  each  surface, 
the  reduced  mass-loading  variable  is 

li  = m/ph.  (11) 

With  the  Inclusion  of  (1)  is  replaced  by 

/ r 1 / \ • tan  X / 1 . > 


V . j»c„/[  1 - (r-pTTS-li 


, . tan  X 1 

^ X ^ ■ 


Anti  resonance 


ihe  zeros  of  (14)  lead  to  the  equation  determining  the  antiresonances: 

UX  tan  X = 1;  (1; 

tlie  riMts,  X^^^^  , of  (15)  are  no  longer  harmonicallv-related . From  the  x(^^ 
AM  ' A'p 

(he  frec(uem;ies  fl^'l  are  determined  using 

Am 

X<«>  . 0./2)  01 

and  the  displacements  follow  from  the  analog  of  (8); 

Ay 

= M - (2XW/^)  = H - 9.W.  d 

Figure  1 gives  the  graphical  construction  for  the  f^f|\  and  Figure  4 shows 

Ay 

ttie  frequency  spectrum  for  as  function  of  M*  The  displacements 

are  similarly  shown  as  functions  of  p in  Figure  5 for  the  curves  marked  k - 

Rjij^niance 

The  poles  of  (14)  lead  to  the  equation  determining  the  resonance 
treipiencies  : 


llle  gri 


tan  X = X/(k2  + yX^). 

roots  of  (18),  X^^^  determine  the  f(^)  and  5^^)  as  follows: 

rm  Ry  Ry 

C ■ 

«<”>  - M - (2XW/,)  . „ _n(H). 

graphical  construction  for  f(^^  is  also  given^in  Figure  1.  Figure  4 


I n O “ ‘—O'--"  ^ 

diows  as  function  of  y.  The  quantity  0 appearing  on  this  figun 


defined  by 


a = (2/TT)(k/vTi), 


and  gives  a measure  of  the  relative  Importance  of  y and  k in  (18),  as  mav  be 
seen  from  Figure  1.  In  Figure  5 are  found  the  solutions  to  (18),  expressed 

7 


o 
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MASS  LOADING  /x 


as  displacements,  plotted  against  p for  various  k and  M values.  Figure  6 is 
a plot  of  <5^^  versus  k for  various  y values;  Figure  7 is  the  companion  graph 
of  <5^3) , A comparison  of  Figure  6 and  Figure  7 indicates  that  as  M 

increases,  less  y is  required  to  reach  a given  6 value. 


With  Cj^  added  in  series  to  the  mass-loaded  vibrator,  the  quantities 
f£y^  » are  defined  in  an  obvious  way.  Equation  (15)  is 

unaffected,  while  k^  in  (18)  is  replaced  by  k^  from  (11)  to  yield  the  load 
frequencies  and  displacements.  Figures  6 and  7 give  the  when  k^^  is 


substituted  for  k. 


CRITICAL  FREQUENCY  APPROXIMATIONS 

Simple,  approximate  relations,  usually  adequate  in  practice,  can  be 
obtained  from  the  transcendental  relations  (6),  (15),  and  (18).  The  first 
approximation  to  , valid  for  large  M,  and  for  smaller  M when  k « 1,  is 

(M) 

the  second  approximation  for  X^^  is 

X<«>  = (./2)M  [ 1-  (^)^  ].  (23) 

2 36  37  38 

The  term  (2k/iTM)  was  Introduced  by  Bechmann,  ’ and  referred  to  by  Cady 

as  "Bechmann's  y*"  With  the  inclusion  of  y,  (23)  becomes 

= (tt/2)  m t (1  - y)  - (||)2  ),  (24) 

(M) 

while  X'  is  obtained  from  (24)  by  setting  k = 0. 

AU 

The  approximations  involving  6 are  found  by  using  (17)  in  (15)  and  (20) 
in  (18),  simplifying,  then  expanding  the  tangent  functions  and  truncating 
the  result.  One  first  arrives  at^^ 

tan  tt/2)  = y (M  - 6^”^)  tt/2,  (25) 


tan  tt/2)  = y (M  - ir/2  + 2k^/ir  (M  - 6^”^),  (26) 

with  the  equation  for  6^^)  formed  from  (26)  by  setting  y = 0.  After  suitable 
approximations  are  made,  as  indicated  above,  one  gets 

M • (|^)2  (1  + (§)2)-l  . „ . 


For  the  result  is 

RU 


‘S’  “ 


I 


t .'r 


.s(M) 

Ap 


one 


sinply  uses 


(28)  with 


set  to  zero. 


For  some  applications  it  i.s  helpful  to  know  tlu'  relationship  between  the 
resonance  frequencies  at  two  hannonics,  normalized  bv  the  harmonic  numbers. 
I'he  apprccsimate  relat  iop  is  found  from  (8)  and  (27)  to  be 


M)  - ( N)  • C-)'  • ('/N‘  - •/.M-''  ). 

Ro  ko  It 


Introduction  of  a load  capacitor  leads  to  a^frequenev 

wh.  i I h is  aj'pro;-:  imated  bv  using  (27),  witli  k"  replaced 

bv  (11).  One  similarly  finds  from  (28)  and  (11). 

I.p 


displacement  ol 
* ) 

bv  kr  as  given 

i. 


oOO 

ho 


In  view  of  the  dependencies  of  6 upon  a .ind  M,  one  mav  seek  a relat  ior- 
ship  between  harmonic  and  ti  such  that  the  rel.ition 


= 5<N) 

Ro  Lo 


hoi  ds  . i he  rest!  It  is 


a = (M  - N)/  M,  I 

me.mitic.  t.iai  , as  far  as  the  f re<iuencv  displacements  are  concerned,  cipioMti 
at  liarmoiiic  \ with  a given  by  (Jl)  is  equivalent  to  operation  <it  harmori. 
without  (1|  . 

FKFllI’FN'CY-Ti-MPKRA  I'FRK  HF.HAVTOF 

Ri’son.Uors  for  TC.XO  application  are  required  to  have  precisel'/  k :u  vu 

i retiuenc  V- t empera  t lire  charactorist  ics  .so  that  the  compen.satorv  nctwoid  r. 

be  properl  V designed.  Beehmann"*^  fi'iind  that  A'f-cut  resonator.s  could  ,u 

described  adequat>  Iv,  even  I'ver  a rather  wide  temperature  range,  bv  !.i  ■ 

term  pi'wer  series.  If  tlii"  frequency  of  interest  is  f^^  at  temperalnri'  i , 

then  with  .\T  = T - T , 
o 

(f  ' : )/f  “ At/ I = a AT  + b AT*  + i AT ^ , 

o o o o o o 

giv'es  till'  freqnencv  ,il  temperature  T.  Table  2 gives  values  for  the  qu.uii 

ties  .1  . h , and  c and  their  angle  gradients  for  the  AT-  and  SC-cuts. 

c.u  t f i c ienVs  ,i  . b'  , nd  i-  vary  with  orientation  angle,  mass- 1 o.id  ire  . 

v.iliie  of  series  load  capaeVtor  with  the  zero  subscripts  denoting  the  , 'F. 

at  Zero  a and  a.  ami  at  referi'nce  angles  0^.  The  cocfficii'tu  "a” 

:;onvn,nis  with  I'.,,  appearing  in  the  sequel, 
t K 


Aiij^ n 1 aj  Oi'pen den c i' 


fhe  variation  with  angle  is  also  treated  by  means  of  power 
.-.p  ins  ions , normally  using  only  the  constant  and  linear  terms:"* 


,-^ei  1 1 


q = + (3q/30)  • A0  + Oq/3'I')  * 

where  q is  a,  b,  or  c,  and  A6  = 0 - 9^,  Afl>  = <1>  ~ 
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224. 

-9.60 

17.5 


lui  Llie  AT-out,  r;  0 due  to  crystal  symmetry  considerations,  so  the 

expansion  in  tills  case  has  to  be  carried  out  to  second  order:'^^ 

q “ q + (lq/90)  • A0  + '2(3^q/3'I’^)  • . (34) 

l iL;iu-e  h sliows  the  f requency-iiiuperature-angle  characteristics  for  the  Al- 
eut. The  uormalized  frequency  excursions,  6£,  between  the  maxima  and  minima 
in  I'igure  rt  are  shown  in  Figure  9 as  function  of  angular  difference,  A6,  from 
t ne  reieience  angle  ti  . i'liis  curve  is  very  important  because  (Sf  enters 
Jirecily  into  most  TCXO  design  procedures.  In  Table  3 are  presented  the 
fiisL-  , second-  , and  third-order  temperature  coefficients  for  the  AT-cut  of 
quartz  as  function  of  departure  from  the  reference  angle. 

TABI  i i.  1 I Mi’FKATl'RE  COEFFICIENTS  AND  FREQUENCY  EXCURSIONS  FOR  AT-CUT  QUARTZ. 


a 

b 

' -1 

6f 

Minutes 

tO"^/K 

10"^/K^ 

10"^^/K^  : 

1 

10"^ 

0 

0 

0.390 

109.5  j 

0 

1 ^ 

1 -0.043 

0.351 

109.3  1 

0.63 

i 

-0.086 

0.312 

109.2  j 

1.85 

1'. 

-0.129 

0.273 

109.0 

3.40 

■) 

-0.172 

0.233 

108.8  1 

5.23 

0 . 2 i 3 

0.194 

108.7 

i 1 

7.31 

j 

-0.258 

0.155 

108.5  i 

9.61 

3‘,. 

-0. 300 

0.116 

1 

108.3 

12.1 

4 

! -0.343 

i 0.077 

108.2  1 

14.8 

4f. 

-0.386 

1 0.038 

108.0 

17.7 

*') 

-0.429 

1 -0.002 

107.8 

20.7 

-0.472 

1 -0.041 

107.7 

23.9 

h 

-0.313 

-0.080 

107.3 

27.2 

-0. 358 

-0.119 

107.3 

30.7 

/ 

! -0.601 

-0.158 

107.2 

34.3 

/ 

1 -0.644 

-0.198 

107.0 

38.0 

h 

-0.687 

-0.237 

106.8 

41.9 

0.730 

-0.276 

106.7 

45.8 

-0.7/3 

-0.315 

106.5 

50.0 

1'^ 

j -0.813 

-0.354 

106.3 

54.2 

in 

j -0.838 

-0.393 

106.2 

58.5 

mQUEHCr  - Tf«P£8Arufif  - angle  OHARACTEmST<CS 
. AT -GUI  OUARTZ 
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FREQUENCY-TEMPERATURE-ANGLE  CHARACTERISTICS  OF  AT-CUT  QUARTZ 


The  slight  differences  in  the  second-  and  third-order  coefficients,  at  the 
reference  angle,  between  Table  2 and  Table  3 are  indicative  of  the  changes 
encountered  due  to  electrical  operating  conditions. 


From  the  data  in  Table  3,  obtained  from  the  relation 

6f  = 4(b^  - 3ac)^^^/27c^,  (35) 

the  curve  of  Figure  9 may  be  obtained.  If  6T  is  defined  as  the  temperature 
interval  corresponding  to  6f,  then  6T  and  6f  are  found  to  be  related  by  the 
simple  relation 

5f  = (c/2)  • (6T)^,  (36) 

where  c is  a function  of  orientation.  In  Figure  10,  (36)  has  been  plotted 
fcr  the  average  value  of  (c/2)  from  Table  3. 

The  frequency-temperature-angle  characteristics  for  ST-cut  quartz  are 
shown  in  Figure  11.  The  angle  indicated  is  9;  since,  from  Table  2,  the 
first-order  temperature  coefficient  is  less  sensitive  to  changes  in  than 
in  9 by  a factor  of  21,  the  curves  of  Figure  11  also  indicate  approximately 
the  behavior  with  respect  to  A$  changes  of  2lf  From  the  curves,  one  sees 
that  the  SC-cut  is  flatter  than  the  corresponding  AT-cut,  and  that  an  AT-cut 
operating  about  its  upper  turning  point  would  be  replaced  by  an  SC-cut 
operating  about  its  lower  turning  point.  For  TCXO  operation,  the  SC-cut  is 
more  difficult  to  pull  than  the  AT-cut  because  the  SC-cut 's  capacitance  ratio 
is  about  a factor  of  three  higher  than  the  AT-cut's,  as  may  be  seen  from 
Table  1. 

Harmonic  Effect 

Changing  the  harmonic  of  operation  is  similar,  as  far  as  the  resonance 
frequency-temperature  behavior  is  concerned,  to  a change  in  apparent 
orientation  angle,  ^3-46  except  that  the  harmonic  effect  is  quantized. 

Figure  12  shows  the  behavior  of  the  resonance  frequency  for  an  AT-cut 
resonator  at  M = 1,  3,  and  5;  the  curve  marked  corresponds  to  the 
resonance  frequency  at  an  indefinitely  high  harmonic,  or  at  any  of  the 
harmonics  of  the  antiresonance  frequency. 

The  relation  for  the  difference  between  the  first-order  temperature 
coefficients  of  the  resonance  and  antiresonances  was  derived  by  Onoe;^^ 
the  equations  for  the  higher-order  differences  were  obtained  recently . ^3 , 44 
For  the  first-order  we  have 

(37) 


(38) 

and  where  Tj^  is  the  first-order  temperature  coefficient  of  piezoelectric 

coupling.  The  harmonic  effect  arises  from  the  root  X^M)  appearing  in  (38). 

Figure  13  presents  as  function  of  k and  M.  It  is  seen,  from  (37)  and  (38), 

that  for  M>>1,  G -K),  and  T.„  ->-T^.  as  shown  in  Figure  12. 

o fRo  fAo  ° i 


T = 

X fRo 


G^  = +2k^/((X^”^2  + k^(k^  - D), 
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FREQUENCY-TEMPER/ITURE-ANGLE  CHARACTERISTICS  OF  SC-CUT  QUARTZ  RESONATORS. 


FREQUENCY-TEMPERATURE-HARMONIC  CHARACTERISTICS  OF  AT-CUT  QUARTZ  RESONATORS. 


r 


Load  C>tpa^:ltor  Effect 

Series  lead  c,i[)acitor  insertion  is  described  in  regard  to  its  effect  on 
k by  (11);  with  respect  to  its  influence  on  temperature  behavior,  (37)  may  be 
used  with  k - from  (38),  along  with  the  relation  between  T and  T . Phis  is 
touiid  tv>  be*'  ^ 


-1', 


(39) 


:'Kaning  ti;it  tlio  temperature  behavior  of  C now  comes  into  play,  along  with 

tiiat  of  C . Values  for  Tj^.  and  are  given  in  Table  2 for  the  AT-  and 

Sil-cuts.  With  a and  k'  known.  Figure  13  can  be  used  to  find  G (k,  ) . 

o L 

The  Uiad  capacitor  effect  on  frequency-temperature  behavior  is  given  in 
i'iguro  14  ii'r  the  SC-cut  and  a representative  value  of  a;  the  curve  for  the 
Al-cut  is  shown  in  Figure  22,  in  connection  with  a numerical  example. 


lki_s s- Loading  Eff e c t 


45,46 


Addlti.'n  of  mass- loading  results  in  an  expanded  form  of  (37): 


’x  ■ 


y/D, 


(4o; 


where 

and  'fu  is  tlie  temperature  coefficient  of  the  normalized  mass-loading. 


(41) 


T = -T  - T,_. 
M p h 


(42) 


46 


Wliere  T^,  = -(ii(X^")  + u(X2")  + a(X^"))  is  the  temperature  coefficient  of 
den.sitv  and  T^^  = + a(X.,")  is  the  temperature  coefficient  of  expansion  in  the 
thickness  (X.,'')  direction.  The  thermoelastic  constants  a(X^")  for  quartz  are 
given  in  Table  2. 

The  (luantity  multiplying  T|^  in  (40)  is  called  the  Onoe  function: 

= +2k^/D. 

U 

is  plotted  versus  p for  various  k values  and  for  M = 1,  3,  and  5 in 
Figures  15,  16,  and  17,  respectively.  For  AT-cut  quartz,  G is  plotted  as 
function  of  \>  for  various  harmonics  in  Figure  18.  ^ 

By  means  of  (40)  and  the  numerical  value  for  9a/90  provided  in  Table  2, 
one  may  convert  changes  in  "a"  due  to  changes  in  p and/or  M Into  apparent 
angle  changes.  In  Figure  19  the  angle  shift  with  mass-loading,  from  the 
;i  - 0 value,  is  plotted  as  function  of  p with  M the  parameter.  In  Figure  20 
the  apparent  angular  shift  for  transitions  between  harmonics  i.s  shown  as 
iunction  of  p;  both  figures  are  for  AT-cut  quartz. 
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PIEZOELECTRIC  COUPLING,  K 


lE  FUNCTION  VERSUS  MASS-LOADING 


OE  FUNCTION  VERSUS  MASS-LOADING  FOR  M 


APPARENT  ANGLE  SHIFT  VERSUS  MASS-LOADING  FOR  VARIOUS  HARMONIC 


transitions  between  harmonics. 


Inclusion  ol  tiic  C 
(il>)  twicf. — om’c  for  k = 
iisi  M,  and  subtracting;. 


effect  for  the  mass-loading  case  is  made  by  writing 
, u = and  harmonic  = N,  and  then  for  k^, 

Tlie  result  is 


_ ,(N) 

fR,i:’  fRiJi 


(N)  j 


T . 

d 


(44) 


'n.  now  uses  (11)  and  ( ii‘ ) to  relate  k^^  and  k.^,  Tk^  and  Tk2*  Equation  (44) 
t;i.n  i IV  Ml!' r 1 i e tne  full  effects  of  changes“of  a,  d , and  harmonic  on  the 
i irsc-ordor  res  .nance^  t requency/ temperature  coefficient. 


ilU' iVAI.fNT  CiKLlT  COMSTDERATIONS 


uivalent  circuit  of  Figure  21  is  usually  used  to  represent  a 
.'liar  or  in  ihe  vicinity  of  a harmonic. 48  c is  given  by  (2),  while 


o 


1, , 


C! 


, i.“fi 


-)  a o 

^ 8 C k“/TT“M“, 
o 

Cm)  2 

T,  /C,  ’ - TT-M^n/S  C k c , 


1 


L,  ■ :!fr/'52  C k“(f„^ 

1 o Ro 

■.Mill  i tv  [ i-  the  .motienal  time  constant. 


(45) 

(46) 

(47) 


49 


n/r 


(48) 


is  tile  ,u  nustii-  viscosity,  and  c is  the  piezoelectrically-stif fened  elastic 
■.'It. ant.  it  is  convenient  to  define  two  quantities  that  contain  no  geo- 

iiK'trical  factors,  but  which  are  functions  of  material  only.  These  are  the 
"letionu;  ijiac  i tance  and  motional  resistance  constants: 


p(M) 

1 

p(M) 

L 


C 


R 


(M) 

1 

(M) 

1 


2h/A  = e/rM^, 
A/2h  = 


in  (Id),  r is  the  capacitance  ratio 


(49) 

(50) 


r*'^^  = ' ('"M/2k)^.  (51 

Ifoit-  1 lists  values  for  , c,  r,  F^,  and  N = v/2  (c/p)  /2; 

,nani  Ities  appearing  without  a superscript  (M)  are  for  M = 1.  The 'dimens ion- 
:■  a-,  immi'.  r 1 appearing  in  Table  1 is  a form  factor  that  takes  into  account 
I nonnniform  distribution  of  motion  with  lateral  distance  along  the 
: !<uc.'0.52  xhe  effective  value  of  C^M)  ig  just  V times  the  value  obtained 
t roni  (a5) ; whereas  R^^)  is  divided  by  f to  get  the  effective  motional 
resistance.  I'he  static  capacitance,  C , is  not  affected  by  the  motional 
d is  t r i but  ion . 


Introduction  of  a series  load  capacitor  alters  C according  to  (10);  it 
also  ( hanges  the  other  circuit  parameters : 31 


31 


(52) 


Kil  = R^/U  - a)^, 
'-IL  = 


T|^  = r/(l  - ^0. 


(53) 

(54) 

(55) 


From  thi'  J.'tinitions  (45»  - (51),  tlic  temperature  coefficients  of  the  circuit 
p.ir.inio  ter.-;  aiay  bt:  obt.iined  in  terms  of  those  of  the  material  oef  f icients . 

Ac  pr.  seii!  dll'  quantity  Tn  is  very  imperfectly  known. 

KRKQUKXi  Y-  !'■;>!!  KRAlURE-l.OAD  CAPACIT,VJCE  APPROXIMATIONS 

lo  su.'  1, racnt  the  frequency  approximations  given  in  an  earlier  section. 
We  give  nere  tiuise  appropriate  to  the  description  of  temperature  behavior. 


From  Figures  15,  16,  and  17,  it  is  seen  that  the  dependence  of  G on  p 
is  verv  svak  until  j exceeds  several  percent;  accordingly,  it  is  usually 


aeeept  n,!c  1 e la  let  0 = (',  . The  zeroth  approximation  to  G is 

► 1 O 


+ 2k^/(^M/2)^ 


1/r; 


(56) 


the  first  approximation  is 


+ 2k“/[(7iM/2)^  - k^] 


(57) 


t'h  p rtdSL’iu'L'  ui  u only  enters  the  second  approximation: 

’ ? ')V  1 J 1 J 

■ + 2k“/{(nM/2)^[l  - p - (^)  ] + k (k  - 1)}. 


(58) 


Bv  making  approximations  of  the  sort  found  in  (56)  - (58),  equation  (44) 
i V bu  reduced  to  variou.s  simpler  forms.  When  n = 0 and  u = 0,  one  has 


ws'iert 


' FRo 


^fRo  " (Tr/2r)  ’ (l/M^  - 1/N^), 


r = -2T,  . 
r k 


(59) 

(60) 


,.(M) 

rK..2 


then  with  the  addition  of  the  exact  result  is 


, ..  1 


-2k"T|.  • 1(1  - a)/D^^^  - 1/dJ^^ 


-k-.(I  - a)(T^j^ 


T )/d5”^ 
Co  2 


-|(uX^/D)^”^  - (pxJ/D)[^^ 


(61) 


!'u  rni)-,t  important  practical  case  is  that  where  = u,  N = M.  Then, 
M r thi'  sliiit  in  first-order  temperature  coefficient  between  resonance  and 
1 I 1(1  tiequencies  we  have,  approximately. 


(I 


fRii 


"fhu) 


- "co>’ 


+ 2n  • Tp}. 


(62) 
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For  small  p this  further  reduces  to 


(T 


fRo 


^fLo^  ""  2rM^ 


(Tt  + (1  - a)  . (.1^  - 


From  (27)  and  (11)  the  corresponding  frequency  shift  is 


(n 


(M) 

Lo 


n„”^)  4k2  • ct 

Ro  ==  = 


M 2rM^ 

USE  OF  AT-  AND  SC-CUT  QUARTZ  RESONATORS  FOR  TCXO  APPLICATIONS 


(63) 


(6A) 


For  the  fundamental  harmonic,  M equals  1,  and  (64)  becomes 

(fj^  - fj^)/fR  = Af/f  - a/2r.  (65) 

This  quantity  is  to  be  compared  with  6f  from  (35),  which  is  shown  in  Figure  9 
versus  A9.  Equation  (35)  may  be  approximated,  in  its  explicit  dependence 
upon  A6,  for  the  AT-cut,  by 

Sf(A9)  = 1.85  X lO"^  • (A0)^^^,  (66) 

where  A9  is  in  minutes  of  arc;  for  the  SC-cut  the  multiplier  is  1.60  x 10  ^ . 
Since  greatly  exceeds  6f,  it  is  apparent  that  only  a small  variation  in 
C^  about  its  operating  point  is  sufficient  to  bring  about  the  necessary  fre- 
quency compensation. 


Two  further  questions  arise,  however:  one  concerns  the  shift  in 

f requency-temperature  behavior  of  the  resonator  in  going  from  the  condition 
of  fj^  to  f^;  the  other  concerns  the  smaller  shifts  in  the  frequency- 
temperature  characteristic  attendant  on  the  variations  of  Cj^  about  its 
initial  setting  point.  Lesser  considerations,  e.g. , the  further  effects 
of  y,  also  arise.  These  points  will  now  be  taken  up  and  considered  from  the 
standpoint  of  a practical  example. 


Consider  a crystal  resonator  with  the  following  characteristics: 

f„  = 20  MHz,  M = 1,  AT-cut 
K 

C = 3.0  pF 
o 

= 12.5  fF 
= 4fl 
y = 2% 

A0  = 4%  minutes  of  arc. 


Table  3 and  Figure  10  show  that  this  A0  value  corresponds  approximately  to 

6fR  18  X 10~^,  6T  = 69.4°C, 
stemming  from  the  temperature  coefficients 

a = -0.386  X 10"^/K, 

34 


1 


» 


b = +0.038  X 10 


c = +108.0  X 10  . 

Figure  '.1  prt^.sent the  behavior  of  the  resonance  frequency  fj^  with  tempera- 
ture. Ojieration  with  series  load  capacitor 

Cj-  = 20  pF 

It  the  t requency  at  which  the  combination  exhibits  zero  reactance  produces, 

IS  function  of  temperature,  the  curve  marked  f^  in  Figure  22,  assuming 

(TC,  - I'C  ) vanishes.  The  f,  curve  is  characterized  as  follows: 

1.0  L 

a = C /(C  + Ci  = 0.130; 

o o L 

the  i:apac  i tance  ratio  is 

r = C /C  = 240, 
o 1 

corresponding  to  an  effective  coupling  factor 
k _ = tr/(8r)‘"^  7.2%, 

t I 

.Mid  a load  coupling  factor 

= k(l  - a)'^  = 6.7%. 

i'he  r.itios  ni  and  r are  inserted  into  (63)  to  yield  the  new  first-order 
coef  f i c i ent 

a = -0.332  X lO'^/K. 

Coefficients  b and  c remain  unchanged  to  good  approximation,  but  with  the 
"a"  coefficient  change  the  curve  is  made  to  appear  with  shifted  angle 
<1  i f f erence 


AO  ~ 4 minutes  of  arc. 


,uid  now 


dfj^  = 15  X 10  6T  = 65.4°C. 

According  to  (53)  the  resistance  of  the  combination  is 

RfL  = Rj/(1  - a)^  = 5.3  n. 

H (35)  is  used,  with  "a"  taken  to  depend  upon  ct  according  to  (62),  then 
may  be  plotted  against  a for  assumed  values  of  (TC^^  - TC^)  and  p. 

St.'irting  values  of  "a,"  with  corresponding  b and  c values,  may  be  taken  from 
lable  3 for  any  choice  of  AO.  The  resulting  graphs  are  shown  in  Figure  23 
for  values  pertinent  to  the  example  described  above.  In  addition  to  the 
v.ilue  quoted  (20  pF) , two  further  values  are  indicated  on  the  figure: 


1^ 


35 


36 


and 


= 22  pF,  o = 0.120 

= 18  pF,  a + 0.143. 

Graphs  are  plotted  for  the  following  values  of  (TC  - TC  ) : -50,  -10,  +60, 

and  +100,  (all  x lO'^/j^l  ^ with  and  without  the  preWnce  of  2%  mass- 
loading. Inasmuch  as  the  nominal  value  of  TC^  for  AT-cut  quartz  is 

TC^  = +30  X 10~^/K, 

(see  Table  2),  the  assumed  values  of  TC^  are: 

+20,  +90,  and  +130  (all  x lO'^/K) . 

These  figures  correspond,  respectively,  to  the  nominal  temperature 
coefficient  values  for  ceramic  capacitors,  for  porcelain  micro-circuit 
capacitors,  and  for  certain  oscillator-varactor  composites.  TC  is  a 
function  of  reverse  bias  applied  to  a varactor;20  one  method  for  compensating 
this  effect  is  to  place  a secies  diode  ii;  the  bias  circuit.  Table  4 provides 
the  <Sfj^  values  for  the  intersections  of  the  three  a values  with  the  four 
(TCt  - TC  ) graphs,  with  and  without  the  presence  of  p.  From  Figure  23  and 
Table  4,  the  relative  sizes  of  the  influences  on  6fj^  may  be  discerned,  and 

accommodated  in  the  TCXO  design. 

Extensions  of  these  plots  to  encompass  the  full  range  of  a are  given  in 
Figures  24  to  39,  for  AT-cut  crystals  operating  on  the  fundamental  harmonic 
with  capacitance  ratios 

r = 160  (20)  300, 


angle  shifts 


A6  = 1 (10)  10  minutes  of  arc, 

and  temperature  coefficient  of  capacitance  differences 

(TC,  - TC  ) = -100  (50)  + 100  X 10"^/K. 

L o 

Because  the  graphs  for  each  value  of  A6  confine  at  a = 0 and  a = 1 irrespec- 
tive of  (TC  - TC^)  the  resulting  design  charts  may  be  referred  to  as  "petal 
plots."  By  their^use,  the  shift  of  6f  with  a may  be  taken  into  account  in 
TCXO  applications. 

CONCLUSIONS 

The  effective  f requency-temperature  curve  of  a crystal  resonator 
operated  with  series  load  capacitance  differs  from  that  of  the  crystal  alone. 
Since  the  principal  method  of  compensating  for  the  crystal  frequency- 
temperature  behavior  in  a TCXO  employs  series  varactors  and  a temperature- 
sensitive  compensation  network,  it  is  of  major  importance  to  be  able  to 
understand  and  deal  with  this  effect  in  the  design  of  TCXO's.  The  necessary 
formulas  and  discussion  are  given  In  this  report. 
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Fjgure24.  Petal  plot 
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Figure  25.  Petal  plot  of  8f  vs.  a A0=2'(2Vo'. 
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Figure28.  Petal  plot  of  8f  vs.  a A9=  l'(2^9' 
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Flgure39.  Petal  plot  of  6f  vs.  a A0*2'(2^io‘. 
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